HORIZONTAL DISPLACEMENT OF CURVES IN BUNDLE 

SO(n) ^ SOo(l,n) ^ M" 
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Abstract. The Riemannian submersion tt : SOo(l,n) — >• H" is a 
principal bundle and its fiber at 7r(e) is the imbedding of SO(n) into 
SOo(l, n) , where e is the identity of both SOo(l, n) and SO(n). In this 
study, we associate a curve, starting from the identity, in SO(n) to a 
given surface with boundary, diffeomorphic to the closed disk D^, in H" 
such that the starting point and the ending point of the curve agree with 
those of the horizontal lifting of the boundary curve of the given surface 
with boundary, respectively, and that the length of the curve is as same 
as the area of the given surface with boundary. 



Introduction 



Let 0(1, n) = {Ae GL{n + 1; M) [ A^SA = S}, where S 
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3 In 



Let SOo(l, n) be the identity component of 0(1, n), which is also the iden- 
tity component of S0(1, n), and consider a subgroup of SOo(l, n) consisting 

of all matrices of the form ^ , where B € SO(n). Call the embedded 

subgroup SO(n) again. 

Note the Lie algebra o(l, n) is given by 

o(l, n) = {X e Ql{n + 1; M)[X*5 + SX = 0}. 

Now, think of a left-invariant metric on SOo(l,?^), induced from an inner 
product (• , ■) on the Lie algebra, so(l,n), defined as follows : 

{A, B) = ^ trace(^* B) for A,B e so(l, n). 
If (/) is a Killing-Cartan form, then 

{X, Y) = ^^^-^ 0(X, Y) for X,Y e so(n)^ C so(l, n) . 

And the right actions of SO(n) become isometries and SOo(l, f^)/SO(n) 
becomes isometric to H". 

Under this metric, we have a principal bundle structure 

SO(n) ^ SOo(l,n) ^ M" , 

where tt : SOo(l,n) H" is a Riemannian submersion. 
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If n=2, then it can be easily shown that for a given geodesic triangle in 
IH'^, the distance by the horizontal displacement of the boundary curve of 
the given geodesic triangle in the fiber is as same as the area of the triangle. 
Furthermore, the direction of the boundary curve of the given geodesic tri- 
angle in will determine the direction of its holonomy displacement. All 
of these are dealt with in Section [31 

Can a similar result be obtained in a topological disk in H"? 

If it is a geodesic triangle, something similar can be easily said from the 
result for the case n=2 and 'Fact 2', mentioned in section HI But, what can 
be done for a general disk in H"? 

To answer this question, we intend to approximate the given disk with 
geodesic triangles, since there exists a unique totally geodesic triangle for 
any 3 different points in M"". And then we intend to construct a curve in the 
fiber by using the property for the case n=2. But how can we approximate 
it? Though each geodesic triangle and its boundary curve determine the 
direction of each horizontal displacement, some linear ordering of geodesic 
triangles and the induced ordering of their boundary curves may not repre- 
sent the boundary curve of their union. If the given disk is contained in an 
isometrically embedded plane in H" , something similar can be said from 
a curve in the fiber SO(n), made from the result for the case n=2 and 'Fact 
2', mentioned in section U since horizontal displacements are happening 
in the one-dimensional vertical subgroup. Though the different orderings 
of triangles give different curves in the vertical space, they will meet at the 
same ending point. So, with respect to any ordering, the horizontal displace- 
ment of the boundary curve of the given disk can be approximated. But in 
other cases, what can be obtained? Something similar could be done if the 
fiber SO(n) were abelian, which would make the ending points of any other 
different two curves in the fiber, induced from different linear orderings, be 
the same. But the fiber SO(n) is not abelian for n > 3. The difficult part is 
that not only the approximation of the area but also the linear ordering of 
the triangles on each step for the approximation of the boundary curve of 
the disk should be considered at the same time. This is one of the hardest 
parts in this paper, which is dealt with in Section[T]and Appendices lAl and iBl 
Furthermore, can holonomy displacements by the lifts of piecewise geodesies 
approaching to the boundary of the given topological disk in the base space 
converge to the holonomy displacement by the lift of the boundary? It will 
be discussed in Subsection 14.31 

After the case n=2 is explained in section [3l our following main result for 
the general case will be explained in section HI 

Theorem 0.1. Letn : SOo{l,n) H" be the Riemannian submersion given 
as before. Then, given a smooth disk S, with e = 7r(e) on its boundary, in 
M", there is a C^- curve f : [0, 1] ^ SO{n) C SOo{l,n) with /(O) = e such 
that 



HORIZONTAL DISPLACEMENT OF CURVES IN BUNDLE SO(n) -s> SOo(l,n) H" 3 



• /(I) = /(0)^"'^/(l) = the difference by the holonomy induced from 
the boundary of S in view of right multiplication 

• the length of the curve f = the area of S. 

1. Strategy for approximation 

'Factorization Lemma', given by Lichnerowicz, Theorie Globale des Con- 
nexions et des Groupes d'Holonomie , [3, vol 1, p. 284], will be helpful to 
understand this section. For the difference, focus on properties of triangles 
mentioned in number 6. The reason for introducing another approximation 
will be given in subsection I4.4.7[ 

1. For any 3 points in H", there exists a unique totally geodesic triangle 
with these vertices. 

2. Let AABC be a totally geodesic triangle in and consider a piecewise 
geodesic from e = 7r(e) to A, where e is the identity of SO(l,n). 




C 



B 



Then, horizontal displacement of 7 = eA ■ AB ■ BC ■ CA ■ Ae is g € SO(n), 
where 

the length of = the area of A ABC . 

3. Let AABC and AACD be two given geodesic triangles in H" and 
consider a piecewise geodesic curve from e to A. 



D 




B 



Consider two curves 71 = evl • AB ■ BC ■ CA ■ Ae and 72 = • AC ■ 
CD ■ DA ■ Ae . Then the horizontal displacement of 71 * 72 equals to that of 
-f3 = lA-AB-BC-CD-TJA-Ai. 
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In general, if 71 = eA ■ AB ■ BC ■ CD ■ DA ■ Ae and -f2 = eA ■ AD ■ DC ■ 

CE ■ ED ■ DA ■ Ae are two curves in H" , then the horizontal displacement 
of 71 * 72 equals to that of 73 = 11 • AB • BC ■ UE ■ 'ED ■ 'DA ■ M . 

4. What's the difficulty of the approximation? 

Consider three given geodesic triangles AABC , AACE , ACDE in H" . 



Then, for three curves 71 = 'iA-'AB-'BC-CA-'M , 72 = lA-'AC 'CE-'EA-'M 

and 73 = E4 • AE ■ 'EC ■ CD ■ DE ■ EA ■ Ai , the horizontal lift of 71 * 72 * 73 
equals to that of 74 = E4 • AB ■ 'BC ■ CD ■ DE ■ KA ■ Ai , which relates to 
the boundary of the polygon ABCDE . But the horizontal lift of 71 * 73 * 72 
equals to 75 = lA-^AB ■'CA-TlE -TJD IJE -^ W! l^-^ , 
which does not relate to the boundary of the polygon ABCDE . Thus, for 
our object, the order of curves is important, which relates to the order of 
triangles. 

5. Refer to the number 4. 

Consider a curve ^3 =IA-AC ■ CD ■ 'DE -EC-CA-M. Though the 

order (71, 72, 73) of curves relates to the order of the triangles, induced by 
the order (71, 72, 73) of curves, the horizontal lift of 71 * 72 * 73 equals to 
% = &AAB ■'CE -KAAC 'CD -EC ■'CAAi , which does not 
relate to the boundary of the polygon ABCDE . Thus, it is also important 
how to make a curve that represents a given triangle. This problem in the 
construction of a curve for each triangle will be solved by introducing the 
starting point and the ending point of each triangle. 




B 
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6. Instead of approximating a given topological disk in H" directly, we will 
approximate by triangles, and approximate the given disk in H" by the 
diffeomorphism from to it. In fact, in Appendix, for each n = 0, 1, 2, • • • , 
we will construct a subdivision Dn of the interval [0, 1] and an ordered set 
An consisting of triangles having the following properties: 

Property 1.) Given a non-first element L in A^, the boundary of IJ{M G 
An\M < L} contains a side of L, which will be divided into two line segments 
in its barycentric subdivision, where one of two line segments will become a 
side of the first triangle and the other one will become a side of the second 
triangle in the barycentric subdivision of L. 

Property 2.) Given L G ^„ , \J{M G A„|M < L} is diffeomorphic to the 
disk L>2. 

Property 3.) Assume L G An and six triangles Mi,M2, • • • ,Mq G An+i, 
obtained from the barycentric subdivision of L, follows the order of i = 
1, 2, • • • 6 in An+i- Then the starting points of Mi and L are same. Also are 
the ending points of Mg and L. 

Property 4.) Assume L,M E An and that M is the next element of L in 
An for n > 1. 

Then, The ending point of L and the starting point of M are same. 



2. Definitions, Triangles and Curves 
All materials in this section will be dealt with in Appendix concretely. 

2.1. Notations, f * g : [0, 1] — > H"- is an ordinary juxtaposition of curves 
/, g : [0, 1] — )■ H". And, for a given curve c : [0, 1] — >■ H'*, c represents a curve 
whose direction is opposite to that of c, that is, c : [0, 1] H" is given by 
c{t) = c(l - t). 

2.2. Simplification 7 of a curve g : [a, b] — > H". Given a curve g : 
[a, b] ^ S , we can think of a curve 7 : [a, 6] — >^ 5 whose direction is 
one-sided as follows : 

If we can find c,d,e G (a, b) such that a<c<d<e<b and 

Im{g\[c^d]) = I'>T^{9\[d,e]) c^iid that the directions of g\[cj] and g\[d,e] a-re one- 
sided but opposite from each other, then we can think of the new curve 
g : [a,b] — >■ from the remaining part g\[a,c] and g\[e,b] by translating in 
the domain and rcscaling as follows : 
Note g{c) = g{e). 

Consider two curves gi : [a, d\ — > H" and 52 : [d, b] — > given by 
g i - a) + a j = gi{t) for t G [a, d] 
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and 

3 (^(* -b)+h^= 52(0 for t G [d, h], 

and then let g = gi * g2- 

From a curve obtained by doing this work again and again and by 
reparametrizing it, we can think of a constant speed curve 7 : [a, 6] — )■ S 
which we want. 

2.3. The definition of D„,jn,t?,t5. 



(I \n J J_ I ^ . I I „• _ A 1 9 . . . 9*;-l . ftn-k+l 

Think of the usual order Dn and regard 

1112 1_16"11 1 ^ 

' 2 6^' 2 6"' " ' 2 ~ 2 ' 6"' 2 ^ 2^ ' 2° • 6"' ' " ^ " 

as 0th, 1st, 2nd, • • • , G^th, 6"'"'"^th, • • • element, respectively. 
Now, define functions 

jn-.Dn^ {0,1,2,3,- ■■} 

fl : [Dn - {0}) U {1} ^ D„ 
t2 ■ Dn — { the last element of Dn} — >■ Dn 

as follows : 



jnis) = j for the j-th element s G Z?„. 

t"(s) is the {j — l)-th element in Dn for a given j-ih element s G Dn — {0} 
and (1) is the last element in Dn- 

(s) is the {j + l)-th element in Dn for a given j-th element s G Dn — { 
the last element of Dn}- 



2.4. Definition of 7^^, c{^^, c}^^, ic{^^, ic{^^, (^{^^ and ip^^ on the disk D^. 
Recall from Proposition ?? that the union Ui of triangles from 1st one to 
i-th one is diffeomorphic to a disk. 

Let n G {1, 2, 3, • • • } and to £ Dn be given. 

With respect to the ordering of Dn, we will define 7j^,c"p,c^p and (f^^ 
inductively for each fixed n: 

Case 1) to is the first element in £)„ , in fact, = 5 • ^ 

The orientation at the barycenter of Tq G Aq will give the direction of the 
boundary curve of the first triangle in An- 
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Then 

: [0, 1] {basepoint} C 
: [0, 1] {basepoint} C D"^ 

and 

can be thought, where (/^^^ and are the piccewise smooth boundary curve 
of the first triangle in An with constant speed and the direction of the 
boundary curve is induced from the given orientation. 

Note can be regarded as the simphfication of * (p^^ * c^^ . 

We will call 7^ the holonomy curve at time t = to. 

Now, consider the path from the basepoint to the ending point of the first 
triangle in n-step along the opposite direction of the holonomy curve at 
t = to , which is a piecewise smooth curve with constant speed. Then from 
the path, we can define a piecewise smooth curve 

,cl:[0,l]^D' 

with constant speed. And its opposite direction can make us define 

ic- :[0,l]-^i?2. 
Define a piecewise smooth curve 

with constant speed as the boundary curve of the 1st triangle in the n-th 
step, where the curve is a loop at the ending point of the first triangle and 
the direction of the boundary curve is induced from the given orientation. 

Case 2) to is the j'-th element in Dn, i.e., jnito) = Jj where j > 2 

Let ti be the (j — l)-th element in D„, i.e., ti (to) = and jn(^i) = i ~ 1) 
where j — 1 > 1- 

Consider the path from the basepoint to the starting point of the j-th 

triangle in the n-th step along the opposite direction of the holonomy curve 
7"^ at t = ti , which is a piecewise smooth one with constant speed . Then 
from the path, we can define a piecewise smooth curve 

: [0, 1] ^ dUj.i C 

with constant speed, where Uj-i is the union of triangle in A„ from the 1st 
one to the (j — l)-th one. 

And its opposite direction can make us define 
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Define a piecewise smooth curve 



with constant speed as the boundary curve of the j-th triangle in the n-th 

step, where the curve is a loop at the starting point of the triangle and the 
direction of the boundary curve is induced from the given orientation. 
Now define a piecewise smooth curve 



^g:[0,l]^dUjCD^ 

with constant speed from the simplification of * c"^ * (pf^ * c^^ , where Uj is 
the union of triangle in An from the 1st one to the j-th one. The new curve 
will be also called the holonomy curve at time t = to . 

Now, consider the path from the basepoint to the ending point of the j-th 
triangle in the n-th step along the opposite direction of the holonomy curve 
7^ at t = to 1 which is a piecewise smooth one with constant speed. Then 
from the path, we can define a piecewise smooth curve 

iq- :[0,1]^5C/, CZ?2 
with constant speed. And its opposite direction can make us define 

ic?„:[0, l]^dUjCD\ 
Define a piecewise smooth curve 



K : [0, 1] ^ 

with constant speed as the boundary curve of the j-th triangle in the n-th 
step, where the curve is a loop at the ending point of the j-th triangle and 
the direction of the boundary curve is induced from the given orientation. 



2.5. the simplification of c"^ * i^to* each n > 1 and 7^ to ^ Dn, 
where to is the j„(to)-th element in the simplification of c^^ * ic"^ is a 
curve along the boundary of jn (io)-th triangle in with opposite direction 
to the given orientation such that it starts from the starting point of the 
triangle and that its image consists of the following sets : 

one point, one side, two sides or the boundary of the triangle. 
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2.6. The induced curves on the surface S C H" and totally geodesic 
planes in H". Let $ : — > S be a given diffeomorphism. Then we can 

think of triangles in S induced from the barycentric subdivision on on 
each n-th step. We wih use ' ~ ' notation for the induced triangles and 
curves in S , that is , 

f = $(T) for T eAn 

An = {$(r) I r G 

and 

~n pi. ~n 5n pn Jn 5" 

which are piecewise smooth curves with constant speed such that 





= Im{^ 






= Im{^ 






= Im{^ 






= Im{^ 




Im{icl) 


= Im{^ 






= Im{^ 






= Im{^ 





and whose direction relates to that of 7^ , cj^^ , (^"^ , cj^^ , icf^jipf^, ic^^ , respec- 
tively. 

Now with respect to each triangle in S, we can think of a totally geodesic 
triangle with same vertices in H" . So, each step will induce the similar 
concept , i.e. triangles and curves, on the induced pleated surface consisting 
of totally geodesic triangles and we'll use ' A ' notation for them. In other 
words, we can think of 

T c A pi -n pn In jP- 

-t t ^n, ItQj C^oi 9^to' C^o' 1*^*0' ^*o' l*^to ' 

where the curves 7"^, c^^, (^f^, cJJ^ , icj'p ti^^^^p ic"^ arc piecewise geodesies in 

H", induced from the boundaries of totally geodesic triangles T, and 

are relating to the previous curves 7^;,, cj^^, (^5"^, gj^^, ic"q, V'Iq, i^q in 5" and 
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3. In S0(2) ^ SOo(l, 2) ^ 

For 

/O l\ /O 1 0\ /O \ 

Ei = \0 , = 1 , and = [Ei,E2] = -1 , 
\1 0/ \0 0/ \0 1 / 

let {El, E2, E^} be an ordered orthonormal basis of so(l,n), which induces 
the canonical orientation on S0o(l,2), and so induces the canonical orien- 
tation on H^, that is , the counterclockwise one. 
For t € M, put 

/I 

^'(a) = eyip{tEs) = cost -sint 

\0 sin t cos t 

Let c : [to,ts] — be a simple-closed arc-length parameterized 
piecewise-smooth curve representing a geodesic triangle in : 

■=<■•) = '^"') c(t.)=c(t,) 



c(t,) 



c(t,) 



c(b) 



a,p,T>0 



or 



a,p,Y<0 



More precisely, 

c is continuous on [^0,^3] and smooth on {to,ti) U (ii,i2) U {t2,ts) , where 
c{to) = c{t3), c{ti) and c{t2) are vertices of the given geodesic triangle. 
Let 

a be the angle from c{to'^) to — c{t3~), 

P be the angle from c(ti"'") to — c{ti~), and 

7 be the angle from c(t2^) to — c{t2~) ■ 

Then, either a, /3, 7 > or a, /3, 7 < holds. 

Lemma 3.1. Under the above condition, let c : [to,ts] — >■ S0o{l,2) be a 
horizontal lift of c. Then, the relation between the holonomy and the area of 
a geodesic triangle is given by 

c(to)"' -5(^3) = (*(7r- |a + ^ + 7l))* , 

where 

j 1 i/ a, 7 > 
^ -1 i/a,/3,7<0 
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Furthermore, vr — |a + /3 + 7| is the area of the geodesic triangle. 




a, p, Y>o or "> ^ 

Proof. Let vr : SOo(l, 2) ^ be the given Riemannian submersion. 

Recall that for any k G S0(2), the restriction ^c?fc|so(2)-L of Adk{-) : 
so(l,2) — > so(l,2) to 50(2)-*- is an automorphism of so(2)-'-. For — c(i3~) 
and its horizontal lift x at c{to), find A G 50(2)-*- satisfying 

Then c(to^), c(ti^) and c(t2~^) will be related to 

Ad^(^a)A ^(i*(7r)-*(a)-*(/3)^ and Adq,(^a)-^{P)-^{j)^ ) 
respectively, by 

-^c(to)-l*c(to+) = (^d^(a)A)e 

^c{ti)-i^,c{ti'^) = = (^d*(7r)-*(Q)-*(/3)^)e 

-^c(t2)-i*c(t2"'') = (^(^*(7)(-^C^*(7r)-*(Q)-*(/3)-4))g = (^d*(Q).*(/3).*(7) -4)e, 

in other words, 

c(t2''") = -Lc(t2)*g(^'^*(Q)-*(/3)-*(7)^)e 

And so 
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— c(t3~) will be related to 

— ^'^*{o)-*(/3)-*{7)^ = ^(i*(7r)-*(a)-'I'{/3)-'I'{7)^ , 

that is , 

-cits ) = Lc(t3)^^{Ad^(^j,y^(^a)-^(l3)-^(f)A)e 

Therefore, 



7r(c(to) • e*^) = 7r(c(t3) • e*(^'^*w-*(")-*(/3)-*w^)) 

= 7r(c(to) • e*^'^«(*o)-^-(*3)-*w-*(")-*(/3)-*w^ . c{to)~^ ■ cits)) 
= 7r(c(to) • e*'^'^^(*o)"^-s(t3)'*('^)-*(")-*(/3)-*(7)^) 



because 

c(to)"' • cits) G S0(2) 

and 

S G so(2)^ and A: e S0(2) ^ k ■ e*^ ■ k'^ = e^^'^"^ . 
Thus, we get 

^ = ^^c{to)"^-c(t3)-*(7r)-*(a)-*(/3)-*(7)^ 

and so 

c(to)"^ • c(t3) • ^(vr + (a + /3 + 7)) = ^'(2n7r) for some n € Z . 
Therefore, 

cito)'^ ■ cits) = ^(2n7r) • (^'(^ + (a + /3 + 7))) 

'^(7r+ (a + /3 + 7))) 

^(-vr- (a + /3 + 7)) ifa,/3,7>0 
(^^'(7r + (Q + /3 + 7))) ifQ,/3,7<0 
^'(Tr- (a + /3 + 7)) ifa,/3,7>0 
(^(vr- ((-«) + (-/3) + (-7)))) if a,/3,7<0 
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la + /3 + 7l)J .where ^= "^jl^J^ 



□ 



4. Liftings in SO(n) ^ SOo(l,n) ^W' 
This section is the proof of Theorem 10.11 
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4.1. Preliminaries on the Riemannian submersion vr : SOo(l,n) 
H". Let TT : SOo(l,n) — )■ M" be the given Riemannian submersion. In fact, 
this is the quotient of the isometric right translation by SO(n) and M" is 
isometric to SOo(l, n)/SO(n). 

Let G = SOo(l,n) , K = SO(n) , and q and t be their Lie algebras, 
respectively. 

Fact 1) X e ^ t g- exp (tX) : (—00,00) — > G is a horizontal 
geodesic for any g ^ G . 

Fact 2) X,Y £ ^ [X,Y] e i and Span{X, Y,[X,Y]} C g is a Lie 
subalgebra t) of q and its related subgroup H of SOo(l,n) is isometric to 
S0o(l,2). Furthermore, the riemannian submersion SOo(l,n) SO(n) 
can be restricted to [H = S0o(l,2)) S0(2). 

Fact 3) U e t ^ t k- exp {tU) : (-00, 00) ^ K G G is a vertical 
geodesic for any k £ K. 

Fact 4) For any k e K , the right translation Rk : G ^ G hy k, Rk{g) = 
gk^ is an isometry . Or, equivalently, Adk : g — >■ g is a linear isometry for 
any k & K. 



4.2. Definition of f : (J ^ K = SO(n), : ^ SO(n) and 

m=l 

fm : [0, 1] — > SO(n) and the property of fm. 

00 

4.2.1. Definition of fjm- Let /(O) = e. Fix to e (J Dm - {0}. Then we 

m=l 

can find a positive integer mo = min {mi | m + 1 > mi =^ to G -Dm} • 
Note that on the given surface S, 

7*0 - 7*0 and c^n^^^) - ic^^ - iq^ - c^n^^^^^ 
for all n > no . So let 

7*0 := 7*7 and ic,„ := ic^; 

Define 

f{to)'= the value , at t = 1, of the horizontal lifting of jto at e . 
Put /„ as the restriction \\j'^_^d„ '^^ fn, defined below, to Dn- 
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4.2.2. Definition of fn and its property . Let's define a curve : 
[0, 1] ^ K = SO(n) with /n(0) = e inductively as follows: 

Step 1) Assume to G Dn is the 1st element in D„, in fact, to = 5 " g^^- 
Then, t5^(to) = 0. 





Consider the first triangle in An, its starting point and the horizontal 
lifting of 

X := lim —. • (t) 

*-0+l^?o(*)l 
and ^ 

at e , respectively and find 



with 
and 



^0 -^ty(to)' -^0 - ■^t»(to) ^ 



„ I „ x^n I „ 

Ti^* ^0 |e — |e — 



vr* j-o |e — ~* ^q{to) 

Then, define 

(Area of the 1st triangle in A. 



; , , / (Area 01 the ist triangle in An) r^^„ ,,r,A 
fn{t) := exp [t^- to-\[XS,Y,-] \ ^-[^0,^0"]) for t G [0,to] , 
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which is a geodesic in K = SO(n) from Fact 3. 

Step 2) Assume to £ Dn is the j-th clement in where j >2 . 
Note ti (to) is the {j — l)-th element in Dn, where j — 1> 1 ■ 





/„(t"(to))^o ■ -'-] ~^ SOo(l,n) be the horizontal lifting of c^^ at 
fn{ti{to)) and then consider the j-th triangle in An, its starting point and 
the horizontal lifting of 

X := lim • 

and 

y •— - lim • (3? (t) 

at 5' := (t"(to))C"o(l) ) respectively and find 



with 
and 

Then define 



TT V'* I 

* ti(to) If 
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fn{t) ■■ = 

fnitUto)) ■ exp ( (t - t?{to)) ■ (Area of j-th triangle in A„) . ^„ A 

forte [tUto),to]. 
Step3 ) to = 1 



Note tx (1) be the last element in , in other words, = 




Then define 

Lit) := /n(t?(l)) 

for t G 

Now check the property of /„. 

Assume 7^ to S D„ is a j-th element in Dn, where j > 1 ■ Then t"(to) is 
the {j — l)-th elements in Dn , where j — 1 > , and from Facts, mentioned 
early in this section, and from the property in Section [3l we get 

fn{to) = the value , at t = 1, of the horizontal lifting of c"^ * ip^^ * c^^ at fn{t 
= the value , at t = 1, of the horizontal lifting of 7^ at e . 




JCfe) 




Define, for any g G, Ig : K G hy lg{k) = gk , which is an isometric 
imbedding of K onto the fiber gK. 
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And let co and 0, be the connection form and the curvature form of the 
connection of the principal bundle tt : SOo(l,n) — )■ H"^, respectively. 

Then, under the identification of T^G and g, for t G (t"(to),io) ™d g = 
f (t" (to ))^*o (■*■)' which is the value, at t = 1, of the horizontal lifting of cf^ at 

fnitUto)) , 



/n(t). 



1 Ivn 1 



and 



Roughly speaking, the unit tangent vector ■ • fn{t), t G (ti(io))io)) is 
the negative of the unit curvature of the 2-dimensional horizontal plane 

Hg = Span{Xf„(,^) 1^, y,^(,^) 1^}, where g =f^^,n^to)) ^"(1)' 

which projects to the tangent plane of the j„(to)-th triangle in An at 7r{g) = 
Cfoi^) — the starting point of the j„(to)-th triangle in An- And, the length 
of fn \[q{to),to] is the area of the jn{to)-th triangle in 1„. 



4.3. The convergence of fn(to) to f(to)- Recall 

f{io) = the value , at t = 1, of the horizontal lifting of at e 

and 

fn{to) = fn{to) = the value , at t = 1, of the horizontal lifting of 7^ at e . 

Consider our Riemannian submersion 

SO(n) > SOo(l,n) > SOo(l, n)/SO(n). 

This bundle has a global cross section s : H — )• NA C G, which comes 
from the Iwasawa decomposition NAK, where K = SO(n). That is, every 
element of G is uniquely written as nak, and the projection maps this to 
naK e H. 
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The cross section s provides us with a one-to-one correspondence between 
the space of all piecewise C^-curves in H" and in SOo(l,n), with initial 
points e and e, by 

h i — > s oh. 

By abusing of notation, express s o h hy h. For a curve h : [0, 1] — > H", the 
unique horizontal lift h : [0, 1] — > SOQ{n, 1) is given by 

h{t) ■ a{t) = h{t) 

for a unique curve a{t) in SO(n). Such an a{t) is obtained by solving the 
differential equation 

(4-1) {h-^h' + a'a-^, y) = 

for every V ^ where ' means the derivative with respect to t. Note that 
the first entry h^^h' + a' ■ a^"^ is an element of the Lie algebra so(n, 1). 
The equation ()4-ip comes about as follows. The curve h{t) being horizontal 
implies the following equalities should hold. 

Q = {{h{t)a{t)y,{h{t)a{t))V) 
= {h'{t)a{t) + h{t)a'{t), {h{t)a{t))V) 

= {{h{t)a{t)) [a{t)-^h{t)-^h'{t)a{t) + a-\t)a\t)) , {h{t)a{t))V) , 

for every y E t, on the tangent space at h{t)a{t). Since the metric on G is 
left-invariant, this implies 

= {a{t)~^h{t)-^h'{t)a{t) + a-\t)a'{t), V), 

for every V £ t, on the tangent space at e, Ge = 0- Since this holds for all 
V & t and a{t) € K, by taking conjugation by a{t), the above is equivalent 
to the equality 14-11 above. 

We examine the equalities (j4-ip more closely. The equality holds for 
every V € t implies that h{t)^^h'{t) + a'(t)a~^{t) does not have any vertical 
component. That is, —a'{t)a~^{t) is the vertical component of h{t)^^h'{t) 
so that 

h{t)~^h'{t) = -a'{t)a~^{t) + G « 

is a vertical and horizontal splitting. 

Let g{t) be another path with a unique horizontal lift g{t) = g{t)h{t), 
satisfying 

(4-2) Q = {g-^g' + h'h-\V), 

for every V ^l. Again, we have a splitting 

g{t)-^g'{t) = -h'{t)b-\t) + X2 G « e 

From 

\\h{t)-^h'{t) - g{t)-^g'm = \\a'{t)a-\t) - b'{t)h-\t)\\ + \\X,- X^\\, 
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(4-3) \W{t)a~\t)-b'{t)b-Hm < \\h{t)-^h'{t)-g{tr'g'{t)\\. 



These are norms on the Lie algebra 5o(l,n). 

On the space of piecewise C'^-curves {k > 1) in SOo(l,n) with initial 
point e, we define a distance function by 



Note that h'{t) ■ h(t)~^ € so(n, 1) and ||.|| is the norm there. We argue that 
this is a metric. Suppose p{h,g) = 0. Then, by continuity, h'{t) ■ h{t)~^ = 
g'{t)-g{t)~'^ for every t. Now we apply the following Lemma to the C^-curves 
piece by piece to conclude h{t) = g{t) for all t G [0, 1], see [3], vol 1, p69. 

Lemma 4.1. Let G be a Lie group and g its Lie algebra identified with 
Te{G). Let Yt, <t < 1, be a continuous curve in T(,{G). Then there exists 
in G a unique curve at of class G^ such that oq = e and ata'j'^ = Yt for 
< t < 1. 

Let h he a. curve in H" (or in NA, by abuse of notation). The unique 
curve a : [0, 1] — )• SO(n) such that h{t) ■ a{t) is the horizontal lift of h{t) will 
be called Wh. 

For two curves h and g, the inequality (j4-3p shows that p{wh,Wg) < 
p{h,g). Let *P be the space of all piecewise C'^-curves on NA with the 
initial point e. 

Proposition 4.2. The map ^ — > G sending f to Wh{^) is continuous. 
More precisely, let h : [0, 1] NA be a piecewise G^ -curve. For every e > 0, 
there exists 5 > such that, if g £ ^ and p{h,g) < 6, then d{e,Whil)^^ ■ 



Proof. For simplicity, we write Wh{t), Wg{t) by a(t), b{t), respectively. 



we get 




Wg{l)) = d{wh{l),Wg{l)) < e. 




= -a'a^ + b'b^ (from the equahty (03])) 
= -a'a-^ + b'b-^ 



Thus, 
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Observe that {a^b)' € T^tij{K). The left translation £a and the right trans- 
lation r^T maps this vector to a tangent vector at G Te{K). However, both 
these translations are isometries so that they preserve the norms. We have, 

||a'a-i - b'b-^\\ = \\a{a^byb^\\ = \\{a^by\\ = ||(a-i6)'||. 

Consequently, if 

' ^ ' ^ dt 



J \\{a-^by\\ dt = j \\a'a-^ -b'b-^\ 



is small, the arc-length of the path a{t)^^b{t) is small. Therefore, if a(0) 
and 6(0) were close (or if a(0) = 6(0)), then a(l) and 6(1) are close. This 
finishes the proof. □ 

Since 

fn{to) = the value , at t = 1, of the horizontal lifting of at e 

and 

7^ converges to 7^° = jto ^ ^ goes to 00 , 
we get, by reparameterizing 7^° and ^to respectively if needed, 

/(to) = the value , at t = 1, of the horizontal lifting of 'jto at e 
= lim fn{to)- 

n— ^oo 



4.4. Preliminaries for the main proof. Fix € — {0} and find 

n=l 

a positive integer uq = min {ni | n -|- 1 > ni ^ to ^ D^} ■ 
Assume n > uq . 

Note to is not the last element in D„ for n > no- Notice that with respect 
to totally geodesic triangles, c|(^^)(l) = ic^^{l) = ic^J'(l) = c"n°o(^^)(l) for 

all n > riQ, which is the ending point of the jn{to)-th triangle in An and also 
the starting point of the (in(i2(*o)) = Jn(^o) + l)-th triangle in An for all 
n > HQ. 

AAA. A new curve c^J^°^* for the comparison of triangles . De- 
fine c|^°''* : [0, 1] — > H" as the shortest geodesic from 7r(e) G H"- to 
c|(to)(l) = ^"i^'itofi^ = 1^(1) = i^?o(l)> in other words, to the start- 
ing point of (in(i2(*o)) = jn{to) + 1) -th triangle in An, which is also the 
ending point of jVi(to)-th triangle in An- Consider its horizontal lift 

ec|f'-*:[0,l]^SOo(l,n) 

at e. 
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4.4.2. the comparison o/ (jn(t2(to)) = jn(to) + i)-th totally geodesic 
triangles . For each n > no, consider 

eCq{to) ■= %„(to))-i °/„{t„)^|(to) • [O'l] ^ SOo(l,n) , 
which is the horizontal hfting of c^n^^^^^^ at e, that is , 

Note eC%f, \ and ? ^, \C?„/, ^ are piecewise geodesies, since the right trans- 
lation : G — )• G by A: is an isometry for any k € K = SO(n) and c"^ are 
piecewise geodesies. 





Consider the (jn(i2 (*o)) = jn{to) + l)-th triangle in its starting point 
and the horizontal lifting of 



X := lim 



and 



y 



lim 



at ec"„(^j^.,(l) =: 3 , respectively and find 



with 
and 
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Also consider the horizontal lifting of x and y at ec||^°'^*(l) =: Qto ^-^^d find 



with 
and 
Note 
so 



^ V™ I -77- "V^'* 1 



'■2 



to \9 



which implies 



Similarly, 

^to - ^'^(/n (to)) -1-^*0 • 

And by considering a loop 

'^o"'' * 2rj(to) ■■ 1] ^ 

where c|^°^* : [0, 1] is given by 

and its horizontal lifting at ^cfl^^^^i'^) , we obtain 

^to = ^'^((eC|^^-*(l))-l.eC,"^(,^)(l))-l^Io 
^to = ^'^({eC|^^-*(l))-l-eC|(^^)(l))-l^to " 



Then we get 



^to - ^^((eC|g^°'-*(l))-l-eCjW(,^)(l)-/„(to))-l^*0 
^to = ^'^((eC|^^-*(l))-l-eC^„(^^){l)-/„(t0))-l^t0 " 
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Since both {ecfl^°'^^ ■ ec"„|.^^^(l) and fn{to) are elements in K = SO(n), 
we get 

Note c"„^^^^ = ic"p . So we can rewrite X'j^^ and Fj" as 

^to - ^'^((eC|h-*(l))-l.,(ic)?Jl)./„(to))-l^to 
= ^^({e£f„^°'-*(l))-l-e{l£)i;{l)-/„(i0))-l^*0 ■ 

Since ic^^j converges to icjp in H" as n, the number of steps (not the 
dimension of H") goes to oo, edc)"^ converges to e(ic)to in SOo(l,n) . 
Since 

fn{to) = the value , at t = 1, of the horizontal lifting of 7^ at e 

and 

7^ converges to 7^" = jto as n goes to 00 , 



we get, from Proposition 14.21 

/(to) = the value , at t = 1, of the horizontal lifting of jto at e 
= lim fn{to). 

n— >oo 

Then we also get 
which will converge to 

e(lc)to • /(to) = Rf(to) ° e{ic)t = /(to)(l^)to • 

4.4.3. the comparison 0/ (jn(t2 (to)) = jn(to) + l)-th triangles on the 
given surface S . Now, consider the (jno(^2''(^o)) = Jno(^o) + l)-th triangle, 
lying on S, in A^q, its starting point and the horizontal lifting of 

X := lim — : • (5",?„, ,(t) 

and 

y := - lim —. t2>%. .(t) 

at gto = eCtQ°''\l) and at g := j(^^)(ic)to(l), respectively, and find 



with 
and 



vr, oX[;"U^=x = vr, o^^ I, 



O^'to" Isto = 2/ = ^* O^^to" Iff 
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Then, 

9 = /(to)(lc)to(l) = e(lc)to(l) • m = 9to ■ (eC*(l))~' " e(lc)to(l) " /(io) 

implies that 

0Xt° =^'^{(eC|^^-*(l))-l.e(lc)to(l)-/(to))-l O^to" 
= ^'^({eC|^^-*(l))-l-e{lc)*o{l)-/(to))-l O^^J " 

4.4.4. The convergence of tangent planes induced by 

(jn(t2(to)) = jn(to) + 1)-*^ triangles at t = to and the convergence 
of fn under lim lim . Now, for q € 7r~^(7r(? /. x(ic)? (1))), let 

:= Span{x, y} , 

where x, y are horizontal vectors at g satisfying 

TT* X = lim : • 0?nlt^\(t) 

TT, y = - lirn • ^ ■ 'P7-(to)it) ■ 



^-1 



Also, for 5 G 7r-H7r(;^(,^)(ic)j;,(l))), let 

#^ := Span{;§,^}, 

where x, y are horizontal vectors at g satisfying 

TT* X = lim —. ■ (Pfn(f^){t) 

I (p^n^^^^{T) I 
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TT* y 



lim 



Note, for t G (io, t^{to)) = {tm{to)), q{to)), 



(—1) • ( the unit curvature of the 2-dimensional horizontal oriented tangent 
plane, 



/u(ty(t^(to)))^"^(*o)^^^ 



= Span{Xf„(j„(j^)) l/„(ty(*5(to)))^?5(to)(^)' ^*?(*2(to)) l/„(*5'(*5(to)))^?5(to)(^)^ 
= SpanW„ l/„(«o)(i^)?o«' l/„(,o)(ie)?o«> 

which projects to the tangent plane 

of the (in(i2 (*o)) = jn{to) + l)-th triangle in 1„ 
^(/„(to) WW) = l^"o(l) = 2|(to)(l) 

= the starting point of the (in(i2(*o)) = jn{to) + l)-th triangle in An 
with respect to the connection of the principal bundle tt : SOo(l,n) H'*) 
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1 



r vn \rfi 1 

[■^'V",'('o))'^'!('j(',,))]| ' ^ *r(*2(«o))' 

4/7 f ^f'^ V^l 

((e<i?,^°'-*(l))-l-e(ia)? (l)-/n(to))-l^ io'-^'o' 



((ec|^°'-*(l))-l-e(ie)J'^(l)-/„(to))-l[^"o''*^«o]l 

((ea|„^-*(i))-i-e(ia)j;(i)-/„(to))-i(p^^ ■ t^S'^tol) 



( 1) • Ad^/ -short 



n n-i ; ( the unit curvature of the 2-dimensional 

tQC-J'JnV^O)) ^ 



horizontal oriented tangent plane, 



*(1) 



= Span{X- 



to leCf^°'-*(l)'^to leC|^°'''(l) 



}) 



Note the tangent plane of the (in(t2 (^o)) = jn(to) + l)-th triangle in An 
at ici:,(l) = c|(,^,)(l) = c«|(,^,)(l) = icr;(l) = cg'(,^)(l) = ic-(l) for ah 

n > no , the starting point of the (jn(i2 (*o)) = jn{to) + l)-th triangle in A„ 
and the ending point of the jVi(to)-th triangle in Ayi for all n ^ tiq ''■t the same 
time, which is also the starting point of the (ino(*2°(*o)) = ino(*o) + l)-th 
triangle, lying on S, in A^^ and the ending point of the jno(^o)-th triangle in 
An^ at the same time, will converge to the tangent plane of S at c^^^^^^(l) = 



the tangent plane of Sat iCt^d) ' ff^(i) for n. ^ ng 




-'n('o)"th triangle in 



J„(to)-th triangle in 



On(to)+l)"th triangle in 



On(t(,)+l)-th triangle in 



And, note, in general, if lim^^oo 9n = 9o ^ lim„_j.oo Xn = Xq in 
g , then 



HORIZONTAL DISPLACEMENT OF CURVES IN BUNDLE SO(n) -> SOo(l,n) H" 27 



lim t ■ AdqXn = lim exp ^(exp(t • Ad„^Xn)) 

= lim exp"^(5„ • exp(t • X„) ■ gn~^) 

n—>oo 

= exp"^(5ro • exp(t ■ Xq) ■ g^'^) 
= exp" ^ (exp (i • Adg^Xo)) 
= t-Adg^Xo. 

Now, refer to previous three pictures. Then we get, for t G (^0)^2(^0)) ) 

= (—1) • ^'^((gc*'""'*(i))-i-e(ic)" (i)-/„(to))-i ( curvature of the 2-dimensional 

horizontal oriented tangent plane, 
-f^"g|Wt(i) = Span{X('^ ^swt(i),yt" |^g|Wt(i)}), 

which will converge to 

(— 1) ■ ^t^((gc|''°''*(i))-i-e(ic)tg(i)-/(to))-i ( ^^^^ curvature of the 2-dimensional 

horizontal oriented tangent plane, 

-^"g|Wt(]^) = Span{oXjjj |^g|Wt(i-), o^"to Lc|^°'''(i)}) 

= i[o^r°!orro]i • 0^0°] 

= (— 1) • ( the unit curvature of the 2-dimensional horizontal oriented tangent 

P^"^^' ^;:o)(-)*o(l) = SP^^^°^^o° l/,e)(.a).e(l), l,,o)(.a).o(l)} 

/(to)(l^)*o(l) ' 
which projects to the tangent plane 

of the Ono(*2°(*o)) = ino(*o) + l)-th triangle in A^o , 

where uq = min {ni \ n + l>ni^toE: Dn} , 
- so tangent to the given disk S - 
at 7r(^-(,„)(icK(l)) = = c|>0(^^)(l) 

= the starting point of the (ino(*2°(*o)) = ino(*o) + l)-th triangle in 
with respect to the connection of the principal bundle tt : SOo(l, n) ^ 1 
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under lim lim . 

n^QO t->ta + 

So, under the identification of T^K with t , 
Urn Urn L,: -A — • fn(t) 

= lim • [XI" , K^J] 

_ ]i r yno Y^-O] 

I r V^o vmi I W^to '0 to J 
I [o-^fo ,0>^to J I 

= (— 1) • ( the unit curvature of the 2-dimensional horizontal oriented tangent 
plane, ^;;^,(,a),„(i) /-(to)(ic)to(l) > 

which projects to the tangent plane of S at 7i"(j(tg)(ic)to(l)) = iCto(l) 
with respect to the connection of the principal bundle tt : SOo(l,n) — : 

4.4.5. 

limn_^oo limt^to+ ^(f„(t)-i)* j^T^ ' ^nC*) = limn^oo limt^to- J^(f„(t)-i)^ ■ ^ 

. To show 

lim lim L/? u\-i\ -r^ — • fn(t) = lim lim L/? /+\-n ^r^^ — • fnit) , 

for 5 G 7r-i(7r(;^(,„(,^))(ic)i;(l))) = 7r-n7r(;^(,„)(ic)r„(l))) , let 

iHg := Span{x,y} , 
where x, y are horizontal vectors at g satisfying 

TT* X = lim — ; • ijjf (t) 

I Kit) I 

n^y = - lim tp^^it) . 

Also, for g G 7r-i(7r(_^^(^„(^^))(ic)^g(l))) , let 

iHg := Span{x,i/} , 
where x, y are horizontal vectors at g satisfying 

TT* X = lim — : • -ip? (t) 

7r*y = - lim 

Now, consider the horizontal lifting of 
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and 

w:=- lim_ — i>l{t) 

3 '■= /4tr{to))(i^)"o(l) = /n{t?(to))^|(io)(l) ' respectively and find 

with 
and 

Also consider the horizontal lifting of z and w at e(ic)JJ, (1) = ec"n(^^^(l) =: 
g , respectively and find 

with 



^* ^to Iff— ^ 

and 

And consider the horizontal lifting of z and w at ecf|^°'^*(l) =: fl'to cind find 



with 



and 



Note InK/jJJj = Im-f/^^ is the boundary of a geodesic triangle in H" . 

Then, from Facts, mentioned earlier in this section, and from the property 
in Section [3l we get 

? _ i i^uf^ NX .n/. ( Area of in(to)-th triangle in i„) 

_ i (.n(. NN /^/, .n(. NN ( Area of in(to)-th triangle in i„) \ 

- fnih {to)) ■ exp ^{t - t, (to)) • i(to-q{to))-\[ZZ,Wrj I) ■ 



forte [t^(to),to]. 



Note 
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= z 



which imphes 



yn _ /( J . yn 

^to - "^"(/n(t?(to)))-l^*( 



Vn{q{to)))-^^to 

Similarly, 



And by considering a loop 



'•short , '•n 



icj;:[0,l]^H\ 



where c^^"^^ : [0, 1] — ^ H" is given by 

and its horizontal lifting at ec|^'^*(l) , we obtain 



^to - ^'^({eCf^^-*(l))-l-e(lc)?^(l))-l^to " 



Then we get 



yn_AJ , 7-n 

- ^'^({eCfp^-*(l))-l-e{lc)j;(l)./„(tr(to)))-l^to 
TT/n — Arl ■ M/" 

''''to - ^^((e£f„^°'-*(l))-l-.(ie)?„(l)-/n(tr(t0)))-l'^'^t0 • 

Since both (eC^f • e(ic)IJ,(l) and fn{ti{to)) are elements in isT = 
SO(n) , we get 

Note the tangent plane of the j^(to)-th triangle in An at ic5^(l) = 

s|(to)(i) = = i^"o°(i) = ^3'(to)(i) = fo'^ ^ > ^0 , 

the starting point of the (jn(i2 (*o)) = jn{to) + l)-th triangle in An and also 
the ending point of the j„(to)-th triangle in An for all n > no, which is also 
the starting point of the (jno(^2"(^o)) = Jrao(^o) + l)-th triangle, lying on 
S, in AnQ and also the ending point of the jno(to)-th triangle in AnQ, will 
converge to the tangent plane of S at c^"^^^s^{l) = ic'^°{l), which implies that 

for t G (i^(to),to) 
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= ^'^((,c|g^-*(l))-l.e(lc)j;(l)./„(tr(to)))-l ( [[Zj;^ Woll ' [-^"o'^tol) 

= (-1) • ^<^((^c|''°'-*(i))-i-e(ic)j' (i)-/n(«^(to)))-^ ( ^'^^ ^^^^ curvature of the 2-dimensional 

horizontal oriented tangent plane, 

i^^£|Wt(i) = Span{Z^'^ lec|^<"-*(i)'^to lec|^'"-*(i)}) 

will converge to 

(— 1) • ^t^((j,c|'">'-*(i))-i.e(ic)tQ(i) /(to))-i ( curvature of the 2-dimensional 

horizontal oriented tangent plane, 

-^"^iwt(';^) = Span{oXjjj \^gshort(^i-^, oYt^ l^gshortf^i-^}) 

= (—!)•( the unit curvature of the 2-dimensional horizontal oriented tangent 

P^^""' ^/>„)(iS)*o(i) = Span{oXj;« |,-(,^)(,c),,(i), l/(*o)(i£)*o(i)} 
^* /(to)(l^)to(l) ' 

which projects to the tangent plane 

of the UnoitT i't^o)) = jnoito) + l)-th triangle in , 

where tiq = min {ni \ n + l>ni^toG Dn} , 
- so tangent to the given disk S - 

at ^(/{to)(l^)*o(l)) = = cTfo(,„)(l) 

= the starting point of the (jno(^2"(^o)) = Jno(^o) + l)-th triangle in AnQ 
with respect to the connection of the principal bundle tt : SOo(l,n) — ^ H"") 
Thus we get 



lim lim L,f (^r^ ■ fn(t)) = lim ■ [Z]},WI'] 



I W-ol^Cl 
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4.4.6. Main Part. Define a function Sn ■ — {0} — > (0, oo) as follows : 
Given t G Dn — {0}, assume t is the j-th element in Z)„, i.e., j = jn{t) ■ 
Then, 



= the area of the region surrounded by 7" in the n-th step pleated surface. 
Note in S, for n> no, 
the region surrounded by in 5 = the region surrounded by 7^° in S , 
so we get 

lim s„(to) = the area of the region surrounded by 7!*° in S =: s{to) . 
Thus, we obtain a function 



j=jnit) 

(t) : = ( the area of i-th triangle in An) 



i=l 



5:U~iD„-{0}^(0,oo). 



Now, induce a function 



/„ : [0, the area of the n-stcp pleated surface ] ^ K , 



which is the reparametrization of with | /n(t) |= 1 on 
[0, the area of the n-stcp pleated surface ] — 




( the area of the i-th triangle in A„) | j = 1,2, - ■ ■ , | A, 



1=1 

Then we get 



fn{Sn{t)) = fn{t) = fn{t) for t G L>„ - {0} . 



Define a function 



/ : {s{t) I t G U^^.D, 



n 



{0}} ^ K 



by 



f{s{t)) = m . 



Then we get 



f{s{to)) = /(to) = lim fn{to) = lim /„(s„(to)) ■ 

n—>oo n— >oo 

Note, for h G U^^D^ - {0} , 




= the value, at t = 1, of the horizontal lifting of 7t^ at e . 
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Since ^t-i converges to as ti approaches to in Uj!)^]^D„, Proposition 14.21 

oo 

implies that / will be continuous on Dn — {0} and we can extend / on 

n=l 

[0,1]. And from f{s{tQ)) = /(to) > / will be continuous on {s{t) \ t € 
oo 

U^"-{o}}- 



n=l 



Note s is continuous on Dn — {0} and so it can be extended on [0,1]. 



n=l 



Since {s(t) \ t & \^ Dn — {0}} is a dense subset of [0, the area of 5], we 



n=l 



can extend / on [0, the area of S] continuously. Call it / as well. Then we 
get 

/ o s = / is continuous on [0, 1] 

and 

/( the area of S) = /(I) = lirn e7t(l) = el{l), 

where 7 : [0, 1] — )■ S is the boundary curve of S and e7 is its horizontal lifting 
at e. 

Let's show / is a curve. 
Define a function Fn from 
[0, the of the n-step pleated surface ] — 

j 

I the area of the i-th triangle in An) \ j = 1, 2, • • • , | A„ | | 

1=1 

to 

the unit sphere in 

by 

Fn{t) = L(j^(t))-i^ . 

And define a function 

00 

F : {s{t) \ t e [jDn- {0}} the unit sphere in t 
n=l 

by 

Fisitn)) = lim lim L,? { -r^ — fn(t)] = lim lim L,? { -r^ — fn(t)]- 

Then, Fn is constant on the interval 

(0, the area of the first triangle in An) 

and on the interval 

j i+i N 

y~^(the area of the i-th triangle in An) , ^^(the area of the i-th triangle in An) j 
i=l i=l ^ 
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for each j = 1, 2, • • • , | An \ , and 

F(s(to)) = lim lim — ■ fn{t)] = lim lim L/f l^ — ■ fn(t) 

= lim lim L(^f^(^t))-\ fn{t) = lim lim ^ -^^(/„(t))-i /n(i) 
"->~t-^s„(to)- ^^^^ * »->o°t-^s„(to)+ ^^^^ * 

= lim lim Lrt mi-i fn(t) 



lim lim Fn{t) . 

n-^OOt-^Sn(to) 



Also 



lim lim w ( -r^ — • fn(t) ) 

(—!)•( the unit curvature of the 2-dimensional horizontal oriented tangent plane, 

rVno _ _ fVno 

e(lc)to(l)-/(to) /{to)(l^)*o(l) ' 

which projects to the tangent plane of S at (ic)t(,(l) . ) 
Note paths iq on S gives us 



and 



= e(lc)to(l)-/(io) 

= /(to)(lc)to(l)- 

Then we get 
lim F(sit)) 

= lim (—!)•( the unit curvature of the 2-dimcnsional horizontal 

oriented tangent plane, H^^^^} ~^ , 

/(t){ic)t{l) ' 

for some ni(t) G N depending on 

whose projection is the tangent plane of the 

surface S at ict(l) ) 



(—!)•( the unit curvature of the 2-dimensional horizontal oriented tangent 
whose projection is the tangent plane of the surface S at iCt(,(l) ) 
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= Hsito)) ■ 
So, we get 

F : {s{t) I t G U'^=iDn - {0}} the unit sphere in i 

is a continuous function. Since {s{t) \ t G W^^iDn} is a dense subset of 
[0, the area of S], we can extend F on [0, the area of S] continuously. Call 
it also F. Consider the curve 

a : [0, the area oi S] ^ K 

satisfying 

a(0) = e and 

Note the function 

/„ : [0, the area of the n — step pleated surface ] — > K 
can be regarded as the piecewise integral curve of 

or equivalently the piecewise solution of the ODE 

L{ar^{t))-\Oln{t) = Fn{t) . 

Then 

F(s(to)) = lim linr ^i^(/„(t))-i = Hm lini F„(f) 

implies that 

a(s(to)) = lim lim a„(t) = lim lim = lim /„(s„(to)) = /(s(to))- 

n-i- CO t^Sn (to) "-5>cxit_>>s„(tQ) n-j-oo 

Since {s{t) \ t £ U^^iDn} is a dense subset of [0, the area of S] and F is 
continuous on [0, the area of S], we get 

/ = a is a curve on [0, the area of S] . 

Also, we obtain 

the length of the curve / = the length of the curve a 

fthe area of S 

I a{t) I dt 

the area of S 

I ^(*) I dt 











= the area of S , 

which proves Theorem lO.il 
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4.4.7. Remarks on Factorization Lemma. 'Factorization Lemma', in- 
troduced by Lichnerowicz, Theorie Globale des Connexions et des Groupes 
d'Holonomie , [3, vol 1, p. 284], can give us another sequence of piece- 
wise smooth loops /j^m ■ [0,1] — )• H", m = 1,2,- •• , with /Um(0) = 7r(e) 
such that it converges to dS. And a similar way to make the sequence of 
curves /„ : [0,1] K, n = 1,2, ••• , can give us a sequence of curves 
Qn '■ [0,1] ^ K, n = 1, 2, • • • , with (7„(0) = e such that 5n(l) is the ending 
point of the horizontal lifting of at e and that the length of gn is the area 
of the pleated surface, the union of totally geodesic triangles obtained in the 
construction of Qn- Since the sequence of the areas converges to the area of 
S, Prop 14.2] will say that gni^) will converge to e7(l) and that the distance 
from e to e7(l) is less that equal to the area of S. But the sequence {gn} 
may not converge to some curve from e to e7(l)- 
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Appendices 

A. About Triangles 

For each n = 0, 1, 2, • • • , all triangles inside 2" • 3-gon will consist of two 
kinds of triangles, interior ones and exterior ones. 

A.l. The definition of interior triangles and the definition of their 
starting points and ending points. Consider a regular triangle whose 
vertices lie on the boundary of the given disk and one of whose vertices 
is the base point of the disk. Call the triangle Tq. And the base point will 
be called its starting and ending point. 

Now let's define triangles Taoai---an inductively as follows : 

Case 1) n = 1 : 

The given orientation at the center of and the base point, or equiva- 
lently the starting and ending point of Tq, will give the order bo of sides of 
To, where 6o = 1-2.3, in the counter-clockwise or clockwise order. For the 
barycentric subdivision of Tq, thinking of the triangle with the base point 
as its vertex and with one side lying on the first side of Tq as the first tri- 
angle will give the order of triangles in the counter-clockwise or clockwise 
order. The i-th triangle will be called Ta^ai, where Oq = and ai = i, for 
i = l,2,--- ,6. 
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For Tqi , the base point, or equivalently the starting point of Tq, wih be 
called the starting point of Tqi and the barycenter of To will be called the 
ending point of Tqi. 

For Toi , where i = 2, 3, 4, 5 , the barycenter of Tq will be called the 
starting and ending point of Toj for z = 2, 3, 4, 5 . 

For Toe , the barycenter of Tq will be called the starting point of Tqq and 
the base point , or equivalently the ending point of Tq , will be called the 
ending point of Toe 

Case 2) n > 2 : 

Let Ln-i •— Taoai-an-2an-i be given, where gq = and oi,-- - ,a„_i G 
{1,2,3,4,5,6}. Let T„_2 := Tafya^^-z '^^^ assume the following properties: 

- Mj := TaQai-an-2jj j ^ {1)2,3,4,5,6}, consists one of six triangles 
obtained by the barycentric subdivision of T„_2, 

- Ln-i is also one of those, in other words, 

Lfi-l = TaQai---an-2an-i ~ ^aoai---«n-2 jo ~ ^jo 

for some jo G {1, 2, 3, 4, 5, 6}. 




- common vertex of Ln-2 and Mi is the starting point of each of them, 

- the barycenter of L„_2 is the starting point of M, for i = 2, 3, 4, 5, 6, 
and the ending point of Mj for i = 1,2, 3, 4, 5, 

- the common vertex of T„_2 and Mg is the ending point of each of them, 

- if the starting and the ending point of T„_2 are same, then they are the 
common vertex of Ln-2 and Mq, 

- if the starting and the ending point of T„_2 are different, then Mi and 
Mq are mutually opposite ones inside Ln~2, 

- one side of Ln-2, which contains a side of Mi, is divided into two line 
segments, each of which is one side of Mj for z = 1, 2, respectively. 
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Notice all the above assumptions hold for n=2. 

Note that the line segment connecting the barycenter and the starting 
point of Ln~2 is one side of Mi from the assumption that the common 
vertex of Ln-2 and Mi is the starting point of each of them. 

Under the above assumptions, we have two choices such that the order 
of Ml and M2 is either the counter-clockwise order or the clockwise order 
with respect to the barycenter of Ln-2 and the line segment connecting the 
barycenter and the starting point of Ln-2- 

Subcase 2-1 ) a„_i = 1, that is, = Mi = Tao-ar,-2i '■ 




Assume the order of Ln-i = Mi and M2 = TaQ...a„_22 is the counter- 
clockwise order with respect to the barycenter of Ln-2 = TaQ-a„-2 and the 
line segment connecting the barycenter and the starting point of Ln-2- Out 
of six triangles obtained from the bary centric subdivision of Ln-i = Mi, 
choose the triangle with a part of one side of Ln-2 as its side and with the 
starting point and the barycenter of Ln-i = Mi as its vertices, and call 
it Tao...a^_2ii and let := Tao...a^_2ii- At the barycenter of L„_i = Mi, 
consider the counter-clockwise order of the 6 triangles from the A^i . The 5 
triangles from the next one of will be called 

r7~i rrt rj~i rri rri 

ao---a„—2l2j -'ao'"an_2l3) ao''-an— 2I6) -^ao- "an— 2 15) 00 •••an— 2 14 

in order. Let A^^ := Tao...a„-2ii for i = 2,3,4,5,6. 

If the order of Ln-i = Mi and M2 is the clockwise order, then the order 
will be given from the symmetry by the line connecting the barycenter and 
the starting point of L„_i = Mi: 

Recall the assumptions for L„_i = Mi, lying between the phrase 'Case 
2) n > 2' and the one 'Subcase 2-1 ) a„_i = 1, • • • ,' and let L„ := Nj, j = 
1,--- ,6. 

Note the common vertex of Ln-i = Mi and is the starting point of 
Ln-i = Ml from the definition of . Now, call the vertex the starting 
point of . And call the barycenter of L„_i = Mi the starting point of 
NI for i = 2, 3, 4, 5, 6. Also, call the barycenter the ending point of for 
z = 1,2,3,4,5. 
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Note the common vertex of = Mi and A^g is the barycentcr of L„_2) 
so the ending point of Ln-i = Mi from the assumption for Mi. Call the 
vertex the ending point of A^g. 

Note that the starting and the ending point of L„_i = Mi are different 
and the positions of and A^g are mutually opposite inside = Mi. 

And the side of L^-i = Mi, which contains a side of A"j^, is divided into 
two line segments, each of which is one side of for i = 1,2, respectively. 



Subcase 2-2 ) a„_i = 6, that is, Ln-i = Mq = 







/ Ml 










/ A N^^A 












11-2 ao ■■■ a,_, or n-2 "« •■■ a.j 

Assume the order of Mi and M2 is the counter-clockwise order with re- 
spect to the barycenter of -Lri-2 and the line segment connecting the barycen- 
tcr and the starting point of Ln-2- From the assumptions, lying between 
the phrase 'Case 2) n > 2' and the one 'Subcase 2-1 ) a„_i = 1, • • • ,' the 
vertex of Ln-i = Mq, which is also the barycenter of Ln-2-, is the starting 
point of Ln-i = Mq. The counter-clockwise angle of L„_i = Mq at its 
starting point determines its initial side and the terminal side. Out of six 
triangles obtained from the barycentric subdivision of Ln-i = Mq, choose 
the triangle with a part of the initial side of Ln-i = Mq as its side and with 
the starting point and the barycenter of Ln-i = Mq as its vertices, and call 
it Tao...a„_26i and let Nf := TaQ...a„_26i- At the barycenter of L„_i = Mq, 
consider the counter-clockwise order of the 6 triangles from the Nf. The 5 
triangles from the next one of Nf = TaQ...a^_2ei will be called 



'ao'^On— 262) -^ao^'ttn— 268) -'ao'''an— 266) -'ac'dn— 266) -^ao^'ttn— 264 
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in order. Let := Tao...a„-26i for i = 2, 3, 4, 5, 6. 

If the order of Mi and M2 is the clockwise order, then the order will 
be given from the symmetry by the line connecting the barycenter and the 
starting point of Ln-i = Mq: 




Recall the assumptions for L„_i = Mq, lying between the phrase 'Case 
2) n > 2' and the one 'Subcase 2-1 ) Un-i = 1, • • • ,' and let L„ := Nj, j = 
I,--- ,6. 

Note the common vertex of = Mq and Nf is the starting point of 

L^-i = Mq from the definition of Nf. Now, call the vertex the starting 
point of Nf. And call the barycenter of L„_i = Mq the starting point of 
N^ for i = 2,3, 4, 5, 6. Also, call the barycenter the ending point of N^ for 
z = 1,2,3,4,5. 

To consider the common vertex of L^-i = Mq and A^g, we have the 
following two possibilities : 

The starting point and the ending point of L„_2 are same or different. 

But in any possibilities, the common vertex of = Mq and A^g is 

also the common vertex of Ln-2 and = Mq, so the ending point of 

Ln-i = Mq from the assumption for Mq. Call the vertex the ending point 
of Nl 

Note that the starting and the ending point of = Mq are different 

and the positions of Nf and A'g are mutually opposite inside L„_i = Mq. 

Notice the side of i^n-i = Mq, which contains a side of Nf, is divided into 
two line segments, each of which is one side of N^ for z = 1, 2, respectively. 
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Subcase 2-3) a„_i € {2,3} or (a„_i G {4,5} and a„_2 G {0,2,3,4,5}), 
that is, 



L„_i = Mj = Tao...a„_2i for i = 2,3 



or 








Mi = Tao...an-2i for i = 4, 5 and an-2 e {0, 2, 3, 4, 5} : 


/ 

/ 


\ / ^' 


6 \ 




\ / 


<1 5 \ 
\ 






\ 






■■■a^,a>rMi 


Let i = Qji- 


1- 





Assume the order of M\ and M2 is the counter-clockwise order with re- 
spect to the barycenter of -L„_2 and the hne segment connecting the barycen- 
ter and the starting point of L„-2- From the assumptions, lying between the 
phrase 'Case 2) n > 2' and the one 'Subcase 2-1 ) a^_i = !,•••,' the vertex 
of Ln-i = -^i, which is also the barycenter of I/n-2, is the starting point 
of Ln-i = Mj. The counter-clockwise angle of = Mi at its starting 

point determines the initial side and the terminal side. Owt of six triangles 
obtained from the barycentric subdivision of = Mj, choose the trian- 
gle with a part of the initial side of = Mj as its side and with the 
starting point and the barycenter of = Mj as its vertices, and call it 
rao-a„_2a„_ii, in Other words, Ta^...a^_^i\, and let Nl := Ta^...a^_^i\- At the 
barycenter of -Ln-i = Mj, consider the counter-clockwise order of the 6 tri- 
angles from the N\. The 5 triangles from the next one of N\ = TaQ...an-2an-ii 
will be called 

rri rri rri rj~i rri 

-'ao---a„_2an-i2) ao---a„_2a„_i3) -'ao---a„_2a„_i4) J-ao---an-20'n-i5i -'ao---a„_2a„_i6 



in order. Let iVj := Tao-an-2ij = Tao-an-2a„-ij for j = 2,3,4,5,6. 



If the order of Mi and M2 is the clockwise order, then the order will 
be given from the symmetry by the line connecting the barycenter and the 
starting point of = Mj = Tao-a„-2an-i ■ 
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Recall the assumptions for = Mi, lying between the phrase 'Case 

2) n > 2' and the one 'Subcase 2-1 ) a„_i = 1, • • • ,' and let L„ := Nj, j = 
l,---,6. 

Note the common vertex of L^-i = Mi and iV| is the starting point of 
Ln-i = Mi from the definition of A^{. Now, call the vertex the starting 
point of iV| . And call the barycenter of L„_i = Mj the starting point of 
Nj for j = 2,3,4,5,6. Also, call the barycenter the ending point of iVj for 
J = 1,2,3,4,5. 

Note the common vertex of = Mj and Nq is the starting point of 

Ln-i = Mi , so the barycenter of -Ln-2 and the ending point of = Mi 
from the assumption for Mj. Call the vertex the ending point of TVg. 

Note that the starting and the ending point of Ln-i = Mi are same and 
they are the common vertex of Ln-i = Mi and Nq. 

And the side of Ln-i = Mi, which contains a side of A^{, is divided into 
two line segments, each of which is one side of iVj for j = 1,2, respectively. 

Subcase 2-4 ) a„_i G {4,5} and a„_2 € {1)6}, 
that is, 

Ln-i = Mi = Tao...a^_2i for i = 4,5 and 0^-2 e {1, 6} : 



M, 



M, 



Nl 



Let i = Qn-i- 

Assume the order of Mi and M2 is the counter-clockwise order with re- 
spect to the barycenter of Ln-2 and the line segment connecting the barycen- 
ter and the starting point of Ln-2- From the assumptions,lying between the 
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phrase 'Case 2) n > 2' and the one 'Subcase 2-1 ) a„_i = !,•••,' the vertex 
of Ln-i = Mi, which is also the barycenter of Ln-2, is the starting point of 
L„_i = Mi. The clockwise angle of L„-i = Mj at its starting point deter- 
mines the initial side and the terminal side. Out of six triangles obtained 
from the barycentric subdivision of Ln-i = Mi, choose the triangle with a 
part of the initial side of L„_i = Mj as its side and with the starting point 
and the barycenter of Ln-i = Mi as its vertices, and call it 7ao-- a„_2an-ii > 
in other words, ?aQ...a^_2ii, and let iV| := Ta^. 

■■a„-2ii- the barycenter of 
= Mi, consider the clockwise order of the 6 triangles from the Nl. The 
5 triangles from the next one of Nl = Tao-an-2n = Tao...a,,_.2an-ii will be 
called 

rj~l rj~i rj~i rj~l rri 

-'ao---a„_2an-l2) -'- ao---an-2an-l3i -'ao--a„_2an-l4) J- ao---an-2an-l5j -'ao---a„_2an-l6 

in order. Let iVj := Tao-a„-2ij = Tao -a„-2a„-ij for j = 2,3,4,5,6. 

If the order of Mi and M2 is the clockwise order, then the order will 
be given from the symmetry by the line connecting the barycenter and the 
starting point of -Ln-i = Mj : 




Recall the assumptions for = Mj, lying between the phrase 'Case 

2) n > 2' and the one 'Subcase 2-1 ) Qn-i = 1, • • • ,' and let Ln := iVj, j = 
l,--,6. 

Note the common vertex of Ln-i = Mi and iV{ is the starting point of 
Ln-i = Mi from the definition of Nl- Now, call the vertex the starting 
point of Nl- And call the barycenter of Ln-i = Mi the starting point of 
iVj for j = 2,3,4,5,6. Also, call the barycenter the ending point of Nj for 
i = 1,2,3,4,5. 

Note the common vertex of = Mj and A^g is the starting point of 

Ln-i = Mi, so the barycenter of Ln-2 and the ending point of Ln-i = Mi 
from the assumption for Mj. Call the vertex the ending point of N^. 

Note that the starting and the ending point of Ln-i = Mi are same and 
they are the common vertex of = Mj and A^g. 

And the side of Ln-i = Mi, which contains a side of A^{, is divided into 
two line segments, each of which is one side of ATj for j = 1,2, respectively. 

Under the counterclockwise orientation, interior triangles for n = 2, 3 will 
be given as follows : 




Now let's review the definition of the starting points and ending points 
of triangles made right before as follows : 
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To begin with, note that the common vertex of Taoai---an-i 
Taoai-a„-ii is the Starting point of Tagai-an-i and that the common vertex 

of Taoai-a„-i and Taf,ai-a„-i6 IS the ending point of Taaai-a„-i- 

For Tagai-an-ii , the starting point of Taoai-an-i is the common vertex 
with Taoai---an-ii and will be called the starting point of Taoai---an-i'i-- 

And 

the barycenter of TaQai-a„-i will be called the ending point of TaQai-a„-ii- 
For Taoai-a„-ii , where i = 2,3,4,5, the barycenter of Taoai-an-i will be 

called the starting and ending point of TaQai-a„-ii- 

For Taoai-a„-i6, the barycenter of Taoai-a„-i wih be called the starting 

point of TaQai-a„-i6- And the ending point of ra„ai - a„_i is the common 

vertex with Taoai-a„-i6 and wiU be called the ending point of Tagai-an-iG- 

To check whether wc can define triangles inductively: 

Recall the assumptions for TaQai---an-ii lyiiig between the phrase 'Case 2) 
n > 2' and the one 'Subcase 2-1 ) a„_i = 1, • • • .' 

Note that the common vertex of Ta„aj...a^_^ and TaQai-- a„-ii is the starting 
point of each of them. The barycenter of Taf)ai---a„^i is the starting point 
of 

TaQai---an-ii ^ — 2,3,4,5,6, and the ending point of Tagaj...(j^_j^j for 
i = 1,2,3,4,5. The common vertex of Taoai-ar,-i and Taoai-a„-i6 is the 
ending point of each of them. 

Notice that if the starting and the ending point of Ta(,...a^_2a„_i are 
same then a„_i 7^ 1,6 and they are the common vertex of TaQ...a„-2an-i 
and TaQ...an-2an-i6- Also note that if the starting and the ending point 
of Tao---a„-2a„-i are different then fln-i G {1)6} and Ta,Q...an_2an-ii and 
Tao-an-2an-i6 are mutually opposite ones inside Tao...a„-2an-i- 

And one side of T(iQai---an-ii which contains a side of TaQa^a2---an-ii is 

di- 
vided into two line segments, each of which is one side of Taoai—an-ii^ ^ = 
1,2, respectively. Thus we can define triangles inductively. 



A.2. The definition of exterior triangles and the definition of their 
starting points and ending points. 

A.2.1. The definition of Sq"*^^ The given orientation at the center 
of and the base point, or equivalently the starting and ending point of 
To, will give the order bo of sides of Tq , where 60 = 1) 2, 3, as explained early 

in 'Section 1.' 

Case 1) n = 1 : 

From the given orientation at the center of D^, consider the direction of 
each side of Tq, which will give the starting point and the ending point of 
each side. 

For the side 60 of Tq and the (line) segment on the boundary of , which 
faces the side 60 and has common terminal points with the side 60 > consider 
the midpoint of the side 60 and of the boundary segment, respectively. Then 
a given half of the side bo, the straight line segment between the midpoint 
of the boundary segment and the common terminal point of the side 60 and 
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of the given half of the side bo, and the straight line segment between the 
midpoint of the side 60 and that of the boundary segment will determine 
a triangle, so we can obtain two triangles from each half of the side 60. 
Let's call them ^0°^ and 5o°^ , where for Sq'^ , i is determined by the order 
with respect to the orientation at the center of D"^ and the line segment 
connecting the center of and the starting point of Tq. 

Under the counterclockwise orientation, exterior triangles for n = 1 will 
be given as follows : 




Case 2) n > 2 : 

Let be given. 

The side of 5^o^i'"^"-i^ which faces the boundary of D^, will give two 
triangles as follows : 

Consider the direction of the side of ^^ofci '-fen-i^ which faces the boundary 
of D^, and that of the line segment on the boundary of D^, which is being 
faced by the side, respectively, from the orientation at the center of 
and the line segment connecting the center of and the starting point 
of Tq. Then wc can think of the starting point, midpoint and ending point 
of the side of S^^^^ K-i ^ which faces the boundary of D^, and those of 
the boundary segment, respectively. Now, refer to the construction of two 
triangles in 'case 1.' Then the triangle with the midpoints and common 
starting point of the side and the boTindary segment as vertices will be called 
g^obi bn-ii ^j^g triangle with the midpoints and common ending point 
of the side and the boundary segment as vertices will be called ^0°^^ 6n-i2 

Under the counterclockwise orientation, exterior triangles for n = 2, 3 will 
be given as follows : 
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Now, let's define the starting point and the ending point of the triangles 
made right before as follows: 

Let n > 1. 

For g^obi---b„-ii ^ i = 1,2, consider the direction of its side facing the bound- 
ary with respect to the orientation at the center of D^. 

If n is odd, the ending point of the side, facing the boundary of D^, will 
be called the starting point of S'q"^^ ^j^g starting point of the side, 

facing the boundary of D"^, will be called the ending point of 5^o&i - &n-i» 

If n is even, the starting point of the side, facing the boundary of D^, will 
be called the starting point of 5'q°^^ ^^-i* ^^^^ ^.j^g ending point of the side, 
facing the boundary of D^, will be called the ending point of g^obi---b„-it ^ 



A.2.2. The definition of Saoa^.Va^ . Let 1 < < n be given. Let 
m = n — k. To define Sala\--am^ consider a triangle Tq whose orientation is 
the opposite one of Tq (, considering Tou might be helpful). Then the m- 
step barycentric subdivision makes us think of TQai---am i which is the mirror- 
symmetry of Toai-am (i example 7oi4iai...a„)- Note the orientation of the 
triangle Tqi is the opposite one of Tqi (,considering roi4i might be helpful), 
and its m-step barycentric subdivision Toia2-am is also the mirror-symmetry 

of Toia^-am (> for example Touiaa -a^)- 

We want to define ^aoaV-'-om as follows : 
Case 1-1) k is odd and 6^ = 1: 

Consider the barycentric subdivision of Sq'^^^"'^'°. By comparing it with 
that of Tqi , define 

- , which matches Tq^ for j e {1, 2, 3, 4}, 

- 5*05^^'"^*, which matches Tqiq, 

- Sqq^^'"'''', which matches Tqis, 
and their starting and ending points. 

For m > 2, the respective identification of 

^6o6i...6,^ ^Mi-fe.^ ^6o6r..6, ^.^^ r^^^ j.^^ f^^ f^^^ 

where j G {2,3,5}, and their m-step barycentric subdivision can make us 
define Slf^^a^h.a^, where ao = 0. 

Case 1-2) k is odd and hk = 2: 

Identify ^^ofei - bfe -^j^]^ j^^^^ where the starting point and ending point of 
gbobi - bk ^YgQ identified to those of Tqi. 

Consider the m-stcp barycentric subdivision of Sq"^''"'^'' and Tqi respec- 
tively. The identification, then, can make us define Sa^a^^^^a^ from Toia^...a^, 
where ao = 0. 
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Under the counterclockwise orientation, the triangles for k = 1 and m = 1 
will be given as follows : 




Case 2-1) k is even and = 1: 

By identifying S^^''"'"^" with Tqi, we can define Sa°J'ai--am from Toiai-am^ 
where oq = (, for example ToMiai...^^) . 

Case 2-2) k is even and 6^ = 2: 

Consider the barycentric subdivision of 5'^o^i "^fe gy comparing it with 
that of Tqi , define 

- S^f'"'^'' , which matches Tby for j G {1, 2, 3, 4}, 

- SqI'^^'"'''' , which matches Tbie, 

- ^Qg^^'"^*, which matches Tqis, 
and their starting and ending points. 

For m>2, the respective identification of 

Qbobi---bk Qbobi---bk Qbobi---bk Qbobi---bk -^.r^ rf, t' 1^ T 

,^0j ,^04 ''^06 With ioi, iQ, JQ, ioi, 

where j G {2,3,5}, and their m-step barycentric subdivision can make us 
define Sala\a2--am., where oq = 0. 

Under the coTintcrclockwise orientation, the triangles for k = 2 and m = 1 
will be given as follows : 
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A. 3. The ordering of triangles in the n — th step. For n = 1,2, • • • , 
let 

-4„ = {Taoai-ar, | ao = 0, G {1, 2, 3, 4, 5, 6} for i = 1, • • • , n} (J 

{^k+m=n,l<k<nfi<m<n-l{Sl^}:cy I ^0 € {1, 2, 3}, 6, G {1, 2} for i = 1, • • • fc, 

Co = 0, Cj G {1, • • • , 6} for 1 < J < m if m > 1}) 
, which is regarded as the set of all triangles in the n — th step. 



Now refer to the following pictures for 0th, 1st, 2nd and 3rd step under 
the counterclockwise orientation : 

Case 1) Tao-ar^ < Sco'^-cj!'' , where k + m = n 

Case 2) Tao...a„ < T^o-bn if ("^0, • • • , On) < (^o, • • • , ^'o) with respect to the 
dictionary order 

Case 3) The order of Slflat and S'gXt"' , where k + m = n = s + t 
Case 3-1) k < s : 

qbobi—bk ^ crcoci-'-Cs 
"-'a^—am ^ '-'do---dt 

Case 3-2) k = s { so, m = t ) and (5o, 6i, • • • , 6fe) < (cq, ci, • • • , c^) with 
respect to the dictionary order : 
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Case 3-3) k = s, {bo,bi,--- ,bk) = (co,ci,-- - ,Cfe) and {ao,--- ,am) < 
(do, • • • ,dm) with respect to the dictionary order : 

obobi---bk ^ QCoci---Ck 
'~'ao---am do---dm 



A.4. The properties of triangles in An. We can easily check the follow- 
ing three properties from the definition of triangles. 

Property 1.) Given a non-first element L in the boundary of IJ{^ ^ 
An\M < L} contains a side of L, which will be divided into two line segments 
in its barycentric subdivision, where one of two line segments will become a 
side of the first triangle and the other one will become a side of the second 
triangle in the barycentric subdivision of L. 
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Property 2.) Given L e An , U{^ ^ An\M < L} is diffeomorphic to the 
disk D^. 

Property 3.) Assume L £ An and six triangles Mi,M2, ■ ■ ■ ,Mq £ An+i, 
obtained from the barycentric subdivision of L, follows the order of i = 
1, 2, • • • 6 in An+i- Then the starting points of Mi and L are same. Also are 
the ending points of Mq and L. 

And we also have the next property : 

Property 4.) Assume L,M E An and that M is the next element of L in 
An for n > 1. 

Then, The ending point of L and the starting point of M are same. 

Proof ) 

Case 1) L = rao...a„_ia„ for some (ao, • • • , a^-i, a^) 

Subcase 1-1 ) a„ 7^ 6 

Note M = Tbo...b„-ibn > where 

5i = Oj for < f < n and 5„ = a„ + 1. 

Then inside the triangle Tag • • ■ Un-i, the barycenter of TaQ...a„_i is the 
ending point of L = T^q. and the starting point of M = Tbf^...b„_j^b„ 
at the same time. 

Subcase 1-2 ) a„ = 6 

If ao = and ai = • • • = a„ = 6, then the ending point of L = TaQ...ar,_ian 
is the ending point of Toe induction and also the ending point of Tq, that 
is, the basepoint, which is the starting point of Sq^ and so the starting point 
of M = if n = 1 and the starting point of M = 5'^,f...b„_j with 60 = 
and bi = ■ ■ ■ = bn-i = 1 if n > 2. 

Now assume n > 2 and a^ 7^ 6 for some i with 1 < i < n. 

We can find io satisfying 1 < io < n, a^g / 6 and a^ = 6 for all io < i < n. 
Then M = TbQ...b„_^bn satisfies 

hi = Qi for all < z < io 

ho = aio + 1 

hi = 1 for alHo < ^ ^ 

Note the ending point of L = Tao...ar,-ian is the ending point of Ta^.-ai^ 
by induction. 

Notice the starting point of M = Tb^...bn_^bn. is the starting point of Tbg...;,.^ 
by induction. 

Since a^ = 5i for < i < io and hi^ = ajg + 1, the ending point of 
L = Tag...a.^_^a.^ is the barycenter of Tao...a.^_^, which is the starting point 
of Ta^-ai„.ibi„ = Tbo-bio-ih^ = M. Thus, we get 



55 



the ending point of L is the starting point of M. 

Case 2) L = Sll^^c;^^ where k + m = n. 
Subcase 2-1 ) m = and A; = n is odd. 

Note (6o,6i, • • • 7^ ,1), because if [h^M,--- -.K) = 

(1, 1, • • • , 1) then L = Sq"^^'"^" = S^^-'^ is the last element in A^. 

If n = 1, then we can trivially obtain that the ending point of L is the 
starting point of M from the definition of triangles. 

Assume n > 2. 

If M = ^-^odi-dn^ ^j^g^ gg|. (p^^ . . . ^ > (^do, di,-- - , dn) and so 
either (do = 6o — 1, di = • • • = cZ„ = 2 and 6i = • • • = 6„ = 1) 

or 

3io with 1 <io <n such that 
dj = hi for all < i < io 

dj = 2, 6j = 1 for alHo < ^ < if 1 < ^0 < 

In the first possibility, the side of L and the side of M, both of which faces 
the boundary, meet at one point where 5q°*^ = 5q°^ and S'q"'^^ = S^^"^ meet. 

In the second possibility, the side of L and the side of M, both of which 
faces the boundary, meet at one point which is contained in such line seg- 
ment as the intersection of Dq " " = Sq " and 6q " = 

In any possibilities, the side of L and the side of M, both of which faces 
the boundary, meet at one point. Since n is odd, the point is the starting 
point of the side of L, facing the boundary, and the ending point of the side 
of M, facing the boundary, so 

the ending point of L is the starting point of M. 

Subcase 2-2 ) m = and A; = n is even 

Note {bo,bi,- ■ ■ ,bn) (3,2, •••,2), because if {bo,bi,- ■ ■ ,bn) = 
(3, 2, ■ ■ ■ , 2) then L = = is the last element in A^. 

If M = 5'*<^i-<^"^ then we get (6o, bi,--- , bn) < (do, di, • • • , d„) and so 

either (do = 6o + 1, 6i = • • • = 6„ = 2 and di = • • • = d„ = 1) 

or 



56 



3^0 with 1 < io < n such that 



di = hi for ah < i < zo 

= 2, = 1 
di = l,bi = 2 for aU. io < i < n if 1 < iQ < n 

In the first possibility, the side of L and the side of M, both of which faces 
the boundary, meet at one point where Sq"'''^ = Sq^^ and Sq"'^^ = Sq"^ meet. 

In the second possibility, the side of L and the side of M, both of which 
faces the boundary, meet at one point which is contained in such line seg- 

ment as the mtersection or Dq = '-'o '-'o 

In any possibilities, the side of L and the side of M, both of which faces 
the boundary, meet at one point. Since n is even, the above condition implies 
that the point is the ending point of the side of L, facing the boundary and 
the starting point of the side of M, facing the boundary, so 



the ending point of L is the starting point of M. 



Subcase 2-3 ) m > 1 and 7^ 6 

If m = 1, then the barycenter is both the ending point of L and the 
starting point of M from the definition. 

Assume m > 2. Note L = 5cocJc2-c,„_ic,„ and its next element M are 
inside the triangle 3^°^^'"'''', which is one of the triangles obtained by the 
barycentric subdivision S^^f^-^^ = 

Compare it with the proper one of ro,roi,To and Toi- By referring to 
subcase 1-1, - by restricting it to the first triangle if needed-, we get 



the ending point of L is the starting point of M. 



Subcase 2-4 ) m > 1 and = 6 

Note L = Sc°ci-'-it is inside the triangle S-^-'^i -^fc, where cq = 0. 
Assume ci = C2 = • • • = Cm-i = = 6. 

If m = 1, then the ending point of L = S^^i;-'"' = S^l'"^"'^'' will be the 
ending point of tautologically. If m > 2, then compare iS^^ci ^'^ with 

the proper one of Tq, Tqi,Tq and Tqi. Then from the comparison, the ending 
point of L will be the ending point of Sqqq'^'' , which is also the ending point 

01 Dgg 

If M = S^^};,f' with ao = 0, then we get 
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either 

{k = s, ai = ■ ■ ■ = at = 1 and ^^ofii - ds jg ^j^g next element of Sq^ "'''' in ^fc+i) 
or 

(s = + 1, t = m — 1, = 1 for 1 < i < t in case of m > 2 and 

gdodi-ds jg ^j^g ^g^^ element of S'^" ' ''* in Ak+i). 

In the first possibility, S^'^'^" '^' will be also the next element of 3^°''^'"'''' in 
and so the ending point of Sq°^^ "^'^ will be the starting point of g'^odi - ds 
from subcase 2-1 and 2-2 , which implies 

the ending point of ^Qg^^'"^* will be the starting point of SqI'^^'"''"' . 

In the second possibility, note one of k and s is odd and the other one is 
even, which implies that Sq^''^'"'''' is the last element in and that ^^ofii-'-d^ 
is the first element in the subset 

{5o^°^i-^^ I xo G {1, 2, 3},XiG {1, 2} for i = 1, • • • s} 

of Ag = ^fc+i- Also, notice that the ending point of S^^^^'"'''' is also the 
ending point of 5'^o''i' from the definition of triangles. By thinking of the 
side of Sq"^^'"'''', which faces the boundary, and the side of ^^odi-da^ which 
faces the boundary, we get 

the ending point of Sq°''^"''"' will be the starting point of S-^odi-d,^ 

so 

the ending point of Sgf^'"^'' will be the starting point of 5^oa!i-a!. 

In any possibilities, the ending point of S'gg which is also the ending 
point of L, is the starting point of its next element in A^^i, which will be 
the starting point of M from ai = • • • = aj = 1 if t > 1. Thus, we get 

the ending point of L is the starting point of M. 

Now , assume m > 2 and q 7^ 6 for some 1 < i < m. Prom the comparison 
of with the proper one of To,Toi,fo and Tqi, we get L and M are 

inside the triangle 5'^°^'''= and from subcase 1-2, we get 

the ending point of L is the starting point of M. 
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B. About Curves 



B.l. Notations, f * g : [0, 1] H" is an ordinary juxtaposition of curves 
/, g : [0, 1] — H'*. And, for a given curve c : [0, 1] ^ H", c represents a curve 
whose direction is opposite to that of c, that is, c : [0, 1] — >■ is given by 



B.2. Simplification 7 of a curve g: [a, b] — > H". Given a curve g : 
[a,b] — ^ S , we can think of a curve 7 : [a,b] -> S whose direction is 
one-sided as follows : 

If we can find c,d,e € (a, b) such that a < c < d < e < b and 
Im{g\[c^d]) = I^{9\[d,e]) c^nd that the directions oi g\[c,d] c^nd g\[d^e] 0116- 
sided but opposite from each other, then we can think of the new curve 
g : [a,b] — >■ from the remaining part g\[a,c] and ^[[e,;,] by translating in 
the domain and rescaling as follows : 

Note g{c) = g{e). 

Consider two curves gi : [a, d] — >■ H" and 52 : [d, b] given by 



and then let g = gi * g2- 

From a curve obtained by doing this work again and again, we can think 
of a constant speed curve 7 : [a, 6] — )■ S which we want. 



c{t) = c{l-t). 




and 




B.3. The definition of Dn,jn,ti,t^. 





6 



■n-k+l 




Think of the usual order Z)„ and regard 



1112 1 1 6" 1 1 1 



' 2 " 6" ' 2 " 6" ' " ' 2 2 ' 6" ' 2 22 " 20 • 6" ' ' " 

as 0th, 1st, 2nd, • • • , G^th, 6^+^th, • • • element, respectively. 
Now, define functions 



n 



jn -.Dn^ {0,1,2,3,- ■■} 

t^:Dn- {0} ^ Dn 
t2 ■ Dn — { the last element of Dn} D, 



as follows : 
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jn{s) = j for the j-th element s G D„. 

ti{s) is the (j — l)-th element in for a given j-th element s G D„ — {0}. 

^2(5) is the {j + l)-th element in Z)„ for a given j-th element s G Dn — { 
the last element of Dn}. 



B.4. Definition of 7t"„, Ct"„, cf^, iCt"o, iCt"^, < ^nd ^t" on the disk D^. 

Let n G {1, 2, 3, • • • } and to ^ Dn be given. With respect to the ordering of 
Dn, we'll define 7tJ, , c"^ , cJI^ and 99"^ inductively for each fixed n: 
Case 1) to is the first element in Dn , in fact, to = 5 • ^ 

The orientation at the barycenter of Tq G Aq will give the direction of the 
boundary curve of the first triangle in An- 
Then 

: [0, 1] {basepoint} C -D^ 
: [0, 1] {basepoint} C D'^ 

and 

7ro:[0,l]^£'' 

can be thought, where (pf^^ and arc the picccwisc smooth boundary curve 
of the first triangle in An with constant speed and the direction of the 
boundary curve is induced from the given orientation. 

Note 7^^^ can be regarded as the simplification of cj^ * (pf^ * c^^ . 
We will call ^'^^^ the holonom,y curve at tim,e t = Iq. 

Now, consider the path from the basepoint to the ending point of the first 
triangle in n-step along the opposite direction of the holonomy curve 7^^ at 
t = to , which is a piecewise smooth curve with constant speed. Then from 
the path, we can define a piecewise smooth curve 

,cl:[0,l]^D' 

with constant speed. And its opposite direction can make us define 

ic- :[0,1]^D2. 
Define a piecewise smooth curve 



i,l:[0,l]^D' 
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with constant speed as the boundary curve of the 1st triangle in the n-th 
step, where the curve is a loop at the ending point of the first triangle and 
the direction of the boundary curve is induced from the given orientation. 

Case 2) to is the j-th element in Dn , where j > 2 

Let ti be the (j — l)-th element in D„ , where j — 1 > 1. 

Consider the path from the basepoint to the starting point of the j-th 
triangle in the n-th step along the opposite direction of the holonomy curve 
7^ at t = ti , which is a piecewise smooth one with constant speed . Then 
from the path, we can define a piecewise smooth curve 

cr„:[0,l]^aC/,_iCL>2 

with constant speed, where Uj-i is the union of triangle in An from 1st one 
to {j — l)-th one. 

And its opposite direction can make us define 

cr„:[0,l]^5C/,_iCL>2_ 
Define a piecewise smooth curve 

: [0, 1] ^ 

with constant speed as the boundary curve of the j-th triangle in the n-th 
step, where the curve is a loop at the starting point of the triangle and the 
direction of the boundary curve is induced from the given orientation. 
Now define a piecewise smooth curve 

with constant speed from the simplification of 7"^ * c"^ * ip^^ * c^^ , where Uj 
is the union of triangle in from 1st one to j-th one. The new curve will 
be also called the holonomy curve at time t = to . 

Now, consider the path from the basepoint to the ending point of the j-th 
triangle in the n-th step along the opposite direction of the holonomy curve 
7"j at t = to , which is a piecewise smooth one with constant speed. Then 
from the path, we can define a piecewise smooth curve 

,cl:[0,l]^dUjCD^ 
with constant speed. And its opposite direction can make us define 

icl : [0, 1] ^ dUj C D\ 
Define a piecewise smooth curve 
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with constant speed as the boundary curve of the j-th triangle in the n-th 
step, where the curve is a loop at the ending point of the j-th triangle and 
the direction of the boundary curve is induced from the given orientation. 

B.5. the simplification of c"^ * I'^t'o" each n > 1 and to ^ 0, where 
to is the jn{to)-th element in Dn, the simplification of cl^^ * ic"^ is a curve 
along the boundary curve of j„(to)-th triangle in with opposite direction 
to the given orientation such that it starts from the starting point of the 
triangle and that its image consists of the following sets : 

one point, one side, two sides or the boundary of the triangle. 

Proof ) 

If n=l, then it can be easily checked. 

Assume n > 2. If to is greater than the maximum of D^-i — {!}, then 
the above property can be easily checked. 

Now assume n>2 and to is less than or equal to the maximum of D„-i — 
{!}. Now find 5n{to) € Dn-i such that t"~^(<^n(io)) < < <^n(io)) where 
t>i~^ {5n{to)) is the previous element of ^^(^o) in -^n-i- Then, the j„(to)-th 
triangle in An is one of the barycentric subdivision of the j„_i(5„(to))-th 
triangle in ^„-i- 

And find a value e(j„(io)) such that , for the given L = j„(to)-th triangle 
in An, 

if L = Ta^a^-an^ then e(jn(to)) = an 

and 

if L = where n = k + s, then e{jn{to)) = as- 

Assume n > 2 and that the property, mentioned early in this subsection, 
holds for n — 1. 

Then we obtained the following result. 

Case 1) Assume the image of the simplification of c^"^^^) * ^*^5~(to) •^o'^^i^ts 
of one point. 

Now refer to the following picture under the counterclockwise orientation. 
The thick line is a part of the image of , and the outer triangle is 

the j„_i(5n(io))-th triangle in An-\. 



A 
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Note the direction of the hne segment of the j„_i(5„(to))-th triangle along 
7*^1- i.c / xn; mentioned in the Property 1 in the subsection IA.4I of the sec- 

ti (On (to)) 

tionEl lying on the boundary curve 7!l-l,, is from the common ver- 

^1 ("n(to)) 

tex of the j„_i(5n(to))-th triangle in An-i with the second triangle of its 
barycentric subdivision to its common vertex with the first triangle of its 
barycentric subdivision , and 



e{jnito)) = 1, 6 c|[J| * icjjj consists of one side 
e(jn(*o)) = 2,3 * ic"p consists of one point 

e(jn(to)) = 4, 5 =^ * ic"p consists of one point 



Case 2) Assume the image of the simplification of ^^^^^ * ic^ ^^^^ consists 
of one side. 

Now refer to the following picture under the counterclockwise orientation. 
The thick line is a part of the image of 7""!,, , and the outer triangle is 

(On(to)) 

the j„_i(5„(to))-th triangle in ^n-i- Don't forget that the ending point of 
jn-i{Sn{to)) in An-i will lie on the image of even though it might 

not lie on the image of 7'!,~1,, , 
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Note the direction of the hne segment of the j„_i(5„(to))-th triangle along 
7*^1- i.r / xn; mentioned in the Property 1 in the subsection IA.4I of the sec- 

ti (On (to)) 

tionEl lying on the boundary curve 7"~i,. \\) is from the common ver- 

^1 (On(to)) 

tex of the j„_i(5n(to))-th triangle in An-i with the second triangle of its 
barycentric subdivision to its common vertex with the first triangle of its 
barycentric subdivision , and 



e{jn{to)) = 1 ^ c"jj * ic"g consists of one side 

e(j„(to)) = 2, 3 ^ * ic"g consists of one point 

e{jn{to)) = 4 ^ c"jj * ic"p consists of the boundary 

e(jn(^o)) = 5 ^ cJJ, * ic"p consists of either the boundary or one side 

e{jn{to)) = 6 ^ cjjj * icj^, consists of either one side or two sides 

Remark B.l. The last 2 pictures in the bottom seem to be possible under 
the induction hypothesis. But it might not happen in fact. 



Remark B.2. The following picture in the bottom can't happen from Prop- 
erty 2 in the subsection IA.4I of the section El 



Case 3) Assume the image of the simplification of c^~(J(,) * i''5~(io) '^"-"^^i^^^ 
of two sides. 

Now refer to the following picture under the counterclockwise orientation. 
The thick line is a part of the image of 75~(jp) and the outer triangle is 
the j„_i(5„(to))-th triangle in An-i- Don't forget that the ending point of 
j„_i(J„(to)) in An-i will lie on the image of ls'~{to)^ even though it might 
not lie on the image of 7""!,, , 

tl (On(lo)) 
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Note the direction of the hne segment of the j„_i((5n(io))-th triangle along 
7"-i/r I ^^^ nientioned in the Property 1 in the subsection IA.4I of the sec- 

*1 (On (to)) 

tion|Al lying on the boundary curve 7"~l,j nn, is from the common vertex 

(Oii(to)) 

of the j„_i(5„(to))-th triangle in An-\ with the first triangle of its barycen- 
tric subdivision to its common vertex with the second triangle of its barycen- 
tric subdivision , and 



e(jn(io)) 


= 1 ^ 


cj^j * ic"g consists of two sides 


e(jn(io)) 


= 2,3 


=> * ic"g consists of the boundary 


e(jn(io)) 


= 4^ 


^) * I'^^o consists of one point 


e(jn(io)) 


= 5 ^ 


^) * I'^^o consists of either one point or the boundary 


e(jn(io)) 


= 6 ^ 


^) * I'^^o consists of either two sides or one side 



Remark B.3. The last 3 pictures in the bottom seem to be possible under 
the induction hypothesis. But it might not happen in fact. 



Remark B.4. The following picture in the bottom can't happen from Prop- 
erty 2 in the subsection I A. 41 of the section |XJ 
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Case 4) Assume the image of the simphfication of ^^^^ * 1*^5 (to) consists 
of the boudary. 

Now refer to the following picture under the counterclockwise orientation. 
The thick line is a part of the image of ^"nl\,^ , and the outer triangle is 

the jn-i((5n(to))-th triangle in A„_i. 




Note the direction of the line segment of the j„_i(5„(to))-th triangle along 
/ xn; mentioned in the Property 1 in the subsection IA.4I of the sec- 

ti (<5n(to)) 

tion|Xl lying on the boundary curve 7""! , , is from the common vertex 

of the j„_i(5„(to))-th triangle in An-i with the first triangle of its barycen- 
tric subdivision to its common vertex with the second triangle of its barycen- 
tric subdivision , and 

e(j„(to)) = 1,6 => * ic]J, consists of two sides 
e(j„(to)) = 2, 3 => * icJJ, consists of the boundary 
e(j„(to)) = 4, 5 => * ic"g consists of the boundary 
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